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Abstract
Two different types of integrable impurities in a spin ladder system are
proposed. The impurities are introduced in such a way that the integrability
of the models is not violated. The models are solved exactly with the Bethe
ansatz equations as well as the energy eigenvalues obtained. We show for both
models that a phase transition between gapped and gapless spin excitations
occurs at a critical value of the rung coupling J. In addition, the dependence
of the impurities on this phase transition is determined explicitly. In one
of the models the spin gap decreases by increasing the impurity strength �.
Moreover, for a fixed �, a reduction in the spin gap by increasing the impurity
concentration is also observed.

PACS numbers: 75.10.Jm, 71.10.Fd, 03.65.Fd

1. Introduction

The study of spin ladder systems continues to generate activity in order to understand the
crossover from one dimension to two dimensions in condensed matter physics. In fact,
with the rapid progress presently being made in nano-engineering, several compounds
have been experimentally realized with a ladder structure, such as La1−xSrxCuO2.5,

Sr14−xCaxCu24O41, Cu2(C5H12N2)2Cl4, CaV2O5 (see, for example, [1, 2]). In addition,
experiments using techniques such as magnetic susceptibility measurements [3] or nuclear
magnetic resonance [4] report the existence of a spin gap in the spectrum of elementary
excitations for even leg ladders. The existence of such a spin gap is crucial for
superconductivity to occur under hole doping, as verified experimentally in some of these
compounds and also predicted theoretically. In this context, effects of impurities in ladder
systems have also been investigated. Experiments of angle resolved photoemission and Raman
spectroscopy carried out in different ladder compounds, such as Bi2Sr2CaCu2O8, SrCu2O3

[2, 5], among others, reveal that even a small concentration of impurities reduces the spin gap.
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This feature has also been predicted by numerical calculations, such as the exact
diagonalization and the Monte Carlo method for the Heisenberg ladder model [2, 6, 7].

Initially, most of the theoretical results concerning ladder systems were obtained from
studies of the standard Heisenberg ladder. However, in contrast to its one-dimensional
analogue, the Heisenberg ladder cannot be solved exactly. Subsequently, in order to understand
the behaviour of spin ladder systems, other models with generalized interaction terms which
guarantee integrability have been proposed [8–20]. Such generalized models qualitatively
exhibit realistic physical properties such as the existence of a spin gap [8] and the prediction of
magnetization plateaux at fractional values of the total magnetization [12]. However, although
there is a considerable amount of work on integrable spin ladder systems in the literature, very
few are concerned with the presence and influence of impurities. (One exception, however,
is [18].)

The effect of impurities in spin chains and strongly correlated electron systems is well
established to be significant, particularly in low-dimensional cases. When undertaking studies
appealing to exact solutions afforded by integrable systems, it is possible to incorporate
impurities into the system without violating integrability. This can be achieved via two
methods. In the first case, the impurities are given by changing the representation of
the underlying Yang–Baxter algebra structure at some lattice sites from the fundamental
representation (i.e., that given by the R-matrix itself ) to some other representation. In this
context, several versions of both the Heisenberg and t–J models have been investigated [21–
23, 25]. Another possibility is to introduce the impurities by way of inhomogeneities in the
transfer matrix of the system. This was explored, for instance, in [26–29].

Here we wish to adapt these two known methods used for one-dimensional systems
to incorporate impurities into the quasi-one-dimensional case for the purpose of studying
impurities in spin ladder systems. In particular, we will construct two integrable spin ladder
models based on the su(4) algebra (Wang’s model [8]) with impurities. These models have
the property of having two coupling parameters, the rung coupling J and the impurity strength
�. The effect of these impurities on the phase transition between the gapped and gapless spin
excitations of both models is investigated. We show that in one of the cases the gap does
not depend explicitly on the impurity, while it does in the other case. Moreover, it turns out
in the latter instance that the spin gap decreases by increasing the impurity strength �. In
addition, if we consider a fixed value for �, it turns out that the gap decreases by increasing
the concentration of impurities, in qualitative agreement with the experiments.

The paper is organized as follows. In section 2 we construct an integrable spin ladder
system where the impurities are introduced by means of the dual representation of su(4).
The model is solved exactly and the spin gap is determined. In section 3 we introduce
another integrable spin ladder model, where the impurities are incorporated through the
inhomogeneities in the transfer matrix. The Bethe ansatz equations, the energies, the spin gap
and the phase transition of the model are discussed in detail. The effect of the impurities for
different values of the rung coupling, the impurity strength and the concentration of impurities
is discussed in section 3. A summary of the main results is presented in section 4.

2. Type I impurity spin ladder system

We begin by introducing the first model whose Hamiltonian reads

H =
N∑

i=1

hi,i+1 +
J

2

N∑
i=1

(�σi · �τi − 1) +
N∑

i∈I

h
imp
i,ī,i+1 − J

2

l∑
ī=1

(�σī · �τī − 1) (1)
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where

h
imp
i,ī,i+1 = 2

� − 8
hi,i+1Qi,ī − 2

�
Qi,īhi,i+1 (2)

with hi,i+1 and Qi,ī given by

hi,i+1 = 1
4 (1 + �σi · �σi+1)(1 + �τi · �τi+1) (3)

Qi,ī = 1
4

[
1 +

(
σx

i σ x
ī

− σ
y

i σ
y

ī
+ σ z

i σ z

ī

)] [
1 +

(
τ x
i τ x

ī
− τ

y

i τ
y

ī
+ τ z

i τ z

ī

)]
. (4)

Above �σi and �τi are Pauli matrices acting on the site i (or the impurity site ī) of the upper
and lower legs of the ladder, respectively, J is the coupling constant for the interactions across
the rungs and � is an arbitrary parameter which measures the impurity strength. I is simply
an index set with l elements in the range 1, 2, . . . , N . For each i ∈ I we couple an impurity
into the ladder, situated between the sites i and i + 1. For clarity, we will denote this impurity
site by ī. We make the assumption that if i ∈ I then i ± 1 �∈ I since in this instance extra
terms are needed in the Hamiltonian for integrability. Throughout, N is the number of rungs
(equivalently, the length of the ladder), l is the number of impurities, and periodic boundary
conditions are imposed.

Note here that besides the usual Heisenberg interactions along the legs and rungs we
also have Heisenberg-type interactions between the lattice site i and the impurity site ī, as
well as biquadratic interactions (also involving the impurity site ī), whose existence in the
ladder compounds is supported by recent neutron experiments [32] (more details about the
physical importance of this type of interaction can be found in [33]). The other two terms in
the Hamiltonian are due to the presence of the impurities: specifically there are Heisenberg-
type interactions between the lattice site i and the impurity site ī. There are also three-site
interactions involving the lattice sites i, i + 1 as well as the impurity site ī and impurity rung
interactions. Finally, we mention that the Hamiltonian for the ladder model based on the
fundamental representation of the su(4) algebra [8] can be recovered from equation (1) by
taking the limit � → ∞.

The energy eigenvalues of the Hamiltonian (1) are given by

E = N − 2J (N − l) − 4
M1∑
i=1

(
1

λ2
i + 1

− J

2

)
(5)

where λi are solutions to the Bethe ansatz equations (BAE) below. The BAE arise from the
exact solution of the model through the algebraic nested Bethe ansatz method. A significant
point here is that in the Bethe ansatz approach for combinations of the fundamental and
dual representations there is no unique pseudo-vacuum. Rather one is forced to work with
a subspace of pseudo-vacua. This approach was developed in the works of Abad and Rios
for an integrable su(3) spin chain combining different representations (the fundamental and
its dual) [30, 31] and in the integrable impurity t–J model constructed by combining the
fundamental and dual representations of the superalgebra gl(2/1) [23] (see also [24] for an
alternative approach). Here we employ the same strategy for the case of SU(4) and its dual.
The procedure is basically the same, except for the fact that there is an extra level in the nesting.
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For the present case the BAE read

(
λl − i

λl + i

)N

=
M1∏
l �=i

λl − λi − 2i

λl − λi + 2i

M2∏
j=1

λl − µj + i

λl − µj − i

M2∏
j �=l

µl − µj − 2i

µl − µj + 2i
=

M1∏
i=1

µl − λl − i

µl − λi + i

M3∏
k=1

µl − νk − i

µl − νk + i
(6)

(
νl − � + i

νl − � − i

)l M3∏
k �=l

·νl − νk − 2i

νl − νk + 2i
=

M2∏
j=1

νl − µj − i

νl − µj + i
.

The presence of the impurity can be detected explicitly through the presence of the parameter
� in the first term of the last equation above.

When J > 2, the ground state is given by a product of rung singlets and the energy
is E0 = N − 2J (N − l). This state belongs to the subspace of pseudo-vacuum states and
corresponds to the case M1 = M2 = M3 = 0 of the BAE (6). To describe an elementary
excitation, we choose M1 = 1 and M2 = M3 = 0 in the BAE (6) which gives the minimal
excited state energy, E1 = N − 2J (N − l) + 2J − 4.

The energy gap can easily be calculated and is found to be

� = 2(J − 2). (7)

By solving � = 0 for J we find the critical value J c = 2, indicating the critical point at which
the quantum phase transition from the dimerized phase to the gapless phase occurs. Note that
there is no effect of the impurity � on the gap.

The integrability of this model can be shown by the fact that it can be mapped to the
following Hamiltonian, which can be derived from two different R-matrices (R and R∗ below)
obeying the Yang–Baxter algebra for J = 0, while for J �= 0 the rung interactions take the
form of a chemical potential term:

H =
N∑

i=1

hi,i+1 − 2J

N∑
i=1

X00
i +

l∑
i∈I

h
imp
i,ī,i+1 + 2J

l∑
ī=1

X00
ī

(8)

where h
imp
i,ī,i+1 is given by the same expression as in equation (2), but now with hi,i+1 and Qi,ī

given by

hi,i+1 =
3∑

α,β=0

X
αβ

i X
βα

i+1 (9)

Qi,ī =
3∑

α,β=0

X
αβ

i X
αβ

ī
. (10)

In the above, X
αβ

i = |αi〉〈βi | are the Hubbard operators with |αi〉 being the orthogonalized
eigenstates of the local operators �σi · �τi .
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The two different R-matrices associated with SU(4) and its dual (R and R∗, respectively)
are

R12 =
||−−−−−1||
2

=




a 0 0 0 | 0 0 0 0 | 0 0 0 0 | 0 0 0 0
0 b 0 0 | c 0 0 0 | 0 0 0 0 | 0 0 0 0
0 0 b 0 | 0 0 0 0 | c 0 0 0 | 0 0 0 0
0 0 0 b | 0 0 0 0 | 0 0 0 0 | c 0 0 0
– – – – – – – – – – – – – – – –
0 c 0 0 | b 0 0 0 | 0 0 0 0 | 0 0 0 0
0 0 0 0 | 0 a 0 0 | 0 0 0 0 | 0 0 0 0
0 0 0 0 | 0 0 b 0 | 0 c 0 0 | 0 0 0 0
0 0 0 0 | 0 0 0 b | 0 0 0 0 | 0 c 0 0
– – – – – – – – – – – – – – – –
0 0 c 0 | 0 0 0 0 | b 0 0 0 | 0 0 0 0
0 0 0 0 | 0 0 c 0 | 0 b 0 0 | 0 0 0 0
0 0 0 0 | 0 0 0 0 | 0 0 a 0 | 0 0 0 0
0 0 0 0 | 0 0 0 0 | 0 0 0 b | 0 0 c 0
– – – – – – – – – – – – – – – –
0 0 0 c | 0 0 0 0 | 0 0 0 0 | b 0 0 0
0 0 0 0 | 0 0 0 c | 0 0 0 0 | 0 b 0 0
0 0 0 0 | 0 0 0 0 | 0 0 0 c | 0 0 b 0
0 0 0 0 | 0 0 0 0 | 0 0 0 0 | 0 0 0 a



(11)

with

a = −x/2 + 1 b = −x/2 c = 1

R∗
12 = =




e 0 0 0 | 0 d 0 0 | 0 0 d 0 | 0 0 0 d

0 c 0 0 | 0 0 0 0 | 0 0 0 0 | 0 0 0 0
0 0 c 0 | 0 0 0 0 | 0 0 0 0 | 0 0 0 0
0 0 0 c | 0 0 0 0 | 0 0 0 0 | 0 0 0 0
– – – – – – – – – – – – – – – –
0 0 0 0 | c 0 0 0 | 0 0 0 0 | 0 0 0 0
d 0 0 0 | 0 e 0 0 | 0 0 d 0 | 0 0 0 d

0 0 0 0 | 0 0 c 0 | 0 0 0 0 | 0 0 0 0
0 0 0 0 | 0 0 0 c | 0 0 0 0 | 0 0 0 0
– – – – – – – – – – – – – – – –
0 0 0 0 | 0 0 0 0 | c 0 0 0 | 0 0 0 0
0 0 0 0 | 0 0 0 0 | 0 c 0 0 | 0 0 0 0
d 0 0 0 | 0 d 0 0 | 0 0 e 0 | 0 0 0 d

0 0 0 0 | 0 0 0 0 | 0 0 0 c | 0 0 0 0
– – – – – – – – – – – – – – – –
0 0 0 0 | 0 0 0 0 | 0 0 0 0 | c 0 0 0
0 0 0 0 | 0 0 0 0 | 0 0 0 0 | 0 c 0 0
0 0 0 0 | 0 0 0 0 | 0 0 0 0 | 0 0 c 0
d 0 0 0 | 0 d 0 0 | 0 0 d 0 | 0 0 0 e



(12)
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with

c = 1 d = 2/x e = 1 +
2

x
.

The R-matrix (11) acts on the tensor product of the two four-dimensional spaces V ⊗ V while
R∗ (12) acts on the tensor product of V ⊗ W , where W is the four-dimensional space for the
dual representation. The matrices above satisfy the following Yang–Baxter equations:

R12(u − v)R13(u)R23(v) = R23(v)R13(u)R12(u − v) (13)

R12(u − v)R∗
13(u)R∗

23(v) = R∗
23(v)R∗

13(u)R12(u − v) (14)

acting on V ⊗ V ⊗ V and V ⊗ V ⊗ W , respectively.
Here we would like to mention that, in principle, any representation of SU(4) can be

chosen to introduce an impurity site into the chain. The choice of the dual representation is
natural since it has the same dimension as the defining representation. This has the advantage
that it allows us to identify the four states on which the dual representation acts with the rung
states.

The impurity model is constructed with generic quantum spaces represented by V and the
impurity spaces W . To this end take some index set I = {p1, p2, . . . , pl}, 1 � pi � N and
define

X =
N⊗

i=1

Xi

where

Xi = V if i �∈ I

Xi = V ⊗ W if i ∈ I.
(15)

In other words for each i ∈ I we are coupling an impurity into the lattice which will be situated
between the sites i and i + 1.

Next we define the monodromy matrix

T (u) = R̄01(u)R̄02(u) . . . R̄0N(u)

where the subscript 0 denotes the auxiliary space and we have

R̄0i(u) = R0i (u) for i �∈ I

R̄0i(u) = R0i (u)R∗
0ī
(u − �) for i ∈ I

(16)

or in matrix form

T (u) =




T 1
1 T 1

2 T 1
3 T 1

4

T 2
1 T 2

2 T 2
3 T 2

4

T 3
1 T 3

2 T 3
3 T 3

4

T 4
1 T 4

2 T 4
3 T 4

4


 (17)

whose elements are operators acting on the quantum space X. A consequence of equations (13)
and (14) is that T (u) satisfies the Yang–Baxter algebra

R12(u − v)T13(u)T23(v) = T23(v)T13(u)R12(u − v). (18)
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A picture of the monodromy matrix for the case N = 6 and two impurities situated at
impurity site (2̄ and 5̄), is presented below

Note here that the impurities are incorporated into the system through the inclusion of the
operator R∗(u − �) in the transfer matrix.

The transfer matrix is defined by

τ (u) = tr0 T (u) (19)

from which the Hamiltonian (8) (for J = 0) is obtained through

H = −2
∂

∂u
ln τ (u)|u=0. (20)

In this derivation we have used the properties

[R∗
i,ī

(−u)]−1 = 1 +
2

u − 8
Qi,ī (21)

Qi,ī · Pi,i+1 · Qi,ī = Qi,ī (22)

Qi,ī · Qi,ī = 4Qi,ī . (23)

This simplifies the calculations and is responsible for the structure of the Hamiltonian.

3. Type II impurity spin ladder system

Let us now introduce another spin ladder model with impurities, whose Hamiltonian reads

H =
N∑

i=1

hi,i+1 +
J

2

N∑
i=1

(�σi · �τi − 1) +
N∑

i∈I

h
imp
i,ī,i+1 +

J

2

l∑
ī=1

(�σī · �τī − 1) (24)

where

hi,i+1 = Pi,i+1 = 1
4 (1 + �σi · �σi+1)(1 + �τi · �τi+1) (25)

h
imp
i,ī,i+1 = 4

4 − �2
{Pi,ī + Pī,i+1 − Pi,i+1} +

2�

4 − �2
{Pi,i+1Pi,ī − Pi,īPi,i+1} − 2�

4 − �2
Ii,ī (26)

and periodic boundary conditions are imposed. Above, N and I have the same meanings as
before. The total number of impurities is l, such that the concentration of impurities of the
model k can be defined as

k = l

N
.

Assuming as before that if i ∈ I then i ± 1 �∈ I , the imposition of not having neighbouring
impurities implies that k cannot exceed 1/3. From the physical point of view this restriction
does not cause any difficulty, since most of the experiments are carried out in the underdoped
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regime [5]. The Hamiltonian (24) contains two coupling parameters, the rung coupling J and
the impurity strength �. Essentially, the competition between these two terms will determine
the physical properties of the model. We also note that Wang’s ladder system [8] with length
N + l can be recovered by taking the limit � = 0.

The energy eigenvalues of the Hamiltonian (24) are given by

E = (1 − 2J )N +

(
2

2 + �
− 2J

)
l − 4

M1∑
i=1

(
1

λ2
i + 1

− J

2

)
(27)

where λi are solutions to the Bethe ansatz equations obtained through the algebraic nested
Bethe ansatz with three levels. In contrast to the previous case, the derivation here is
straightforward due to the existence of a unique pseudo-vacuum. Since this approach is
well known in the literature [34], we only present the final result(

λl − i

λl + i

)N (
λl − i(1 − �)

λl + i(1 + �)

)l

=
M1∏
l �=i

λl − λi − 2i

λl − λi + 2i

M2∏
j=1

λl − µj + i

λl − µj − i

M2∏
j �=l

µl − µj − 2i

µl − µj + 2i
=

M1∏
i=1

µl − λi − i

µl − λi + i

M3∏
k=1

µl − νk − i

µl − νk + i
(28)

M3∏
k �=l

νl − νk − 2i

νl − νk + 2i
=

M2∏
j=1

νl − µj − i

νl − µj + i
.

For J > 2
λ2+1 the ground state is given by the product of rung singlets and the energy is

E0 = (
2

2+�
− 2J

)
l + (1 − 2J )N , corresponding as before to the case M1 = M2 = M3 = 0 of

the BAE (28). To describe an elementary excitation, we choose M1 = 1 and M2 = M3 = 0
in the BAE (28), which gives the minimal excited state energy. This solution depends on the
concentration of impurities k = l/N . Let us consider first the case k = 1/3, which leads to
the following imaginary solution for the variable λ:

λ = − i

12

(
−3� +

32/3(−16 + 3�2)

K
+ 31/3K

)
(29)

with K given by

K = (−9�3 + 4
√

3
√

256 − 144�2 + 27�4)1/3.

Note that the solution of the BAE λ above depends explicitly on the impurity �. This
relation is illustrated in figure 1.

The energy gap can be calculated using the Bethe ansatz solution and has the form

� = 2

(
J − 2

λ2 + 1

)
. (30)

Here, in contrast to the previous case, the impurity does affect the gap. By solving � = 0
for J we find the critical value J c = 2

λ2+1 , indicating the critical line at which the quantum
phase transition from the dimerized phase to the gapless phase occurs. The phase transition
line is shown in figure 2. We would like to mention that in the context of spin chains, the
effect of impurities in the low energy spectrum and in the study of the phase transitions was
investigated recently in [35].

Note that by increasing the impurity strength �, the critical value J c also increases. A
further analysis of both graphs together with the gap expression (30) reveals that there is a
reduction in the gap by increasing the impurity strength �. This result can be easily confirmed
by an inspection of figure 3 for different values of J.
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0.0 2.0 4.0 6.0
Λ

–20.0

–15.0

–10.0

–5.0

0.0

λ2

Figure 1. This graph shows how the solution of the BAE (λ2) depends on the impurity �.

0.0 1.0 2.0 3.0 4.0 5.0 6.0
Λ

–9.0

–4.0

1.0

6.0

J

gapped

gapped

gapless

gapless

Jc

Jc

Figure 2. Rung coupling J versus impurity �. This graph represents the phase diagram. The
curve (J c = 2/(λ2 + 1)) divides the gapped and gapless phases.

A similar analysis can be performed for other impurity concentrations k, although in
general just a numerical solution of the BAE (28) is possible. We have observed the same
qualitative behaviour as in the case k = 1/3. Therefore, we will just present the most
significant results for further discussion. Figure 4, for example, illustrates the behaviour of
the solution of the BAE associated with the minimal excited state as a function of the impurity
strength for different concentrations. The fact that the gap decreases by increasing the impurity
strength � for a fixed rung coupling J is also observed for other concentrations, as illustrated
in figure 5. Another interesting property that can be easily confirmed by an inspection of this
figure is the decreasing of the gap by increasing the concentration of impurities k for a fixed J
and �, in qualitative agreement with the experiments [2].

The exact solvability of this model, as for the previous case, can be shown by the fact
that it can be mapped to an Hamiltonian with the same form as equation (8), where h

imp
i,ī,i+1 is
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0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0
Λ

0.0

5.0

10.0

15.0

∆

J=2.5

J=3

J=5

Figure 3. This graph shows how the spin gap � depends on the impurity strength � for different
values of the rung coupling J.

0 1 2 3 4 5 6
Λ

–25

–20

–15

–10

–5

0

λ2

k = 0.333
k = 0.200
k = 0.052

Figure 4. This figure indicates how the solution of the BAE λ2 depends on the impurity strength
� for different concentrations k for the impurities.

given by equation (26) with hi,i+1 written in terms of the Hubbard operators as in equation (9).
The difference in the present case is the definition of the monodromy matrix, given by

T (u,�) = R̄01(u)R̄02(u) . . . R̄0N(u)

where we have

R̄0i(u) = R0i (u) for i �∈ I

R̄0i(u) = R0i (u)R0ī (u − �) for i ∈ I

and the R-matrix (equation (11)) obeys the Yang–Baxter equation (13). Note from the above
equation that here the impurity � is associated with the same R-matrix, in contrast to the
previous case (see equation (16)), where it was associated with a different one (R∗). This
is the main reason for the difference in the structure of the Hamiltonians. Next the transfer
matrix is defined as in equation (19) from which the Hamiltonian is obtained through the use
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Figure 5. This graph shows how the spin gap � depends on the impurity strength � for different
concentrations and for different values of the rung coupling J. Note that � decreases by increasing
the concentration for any value of J and �.

of equation (20). The proof follows analogously to the previous type I impurity ladder, except
for the fact that the properties (21), (22) and (23) are obviously not used.

Finally, we would like to mention that in both cases a different parametrization at each
impurity site could be used. Although this does not considerably change the structure of the
Hamiltonians and the Bethe ansatz equations (see, for example, [23] for an example of this
general parametrization for the case of the t–J model with impurities), the existence of
different parameters would make the numerical analysis more complex.

4. Summary

To summarize, we have introduced two integrable spin ladder models with impurities
characterized by two coupling parameters, the rung coupling J and the impurity strength
�. In a particular limit both models reduce to that introduced by Wang [8] based on the su(4)

Lie algebra. The Bethe ansatz equations as well as the energy expressions for the models were
presented. We have shown that in one of the cases the impurities do not affect the gap of the
system, while in the other case there is a non-trival dependence. In fact, it is found that the gap
decreases by increasing the impurity strength �. Moreover for a fixed �, a reduction in the
spin gap by increasing the impurity concentration is also observed, in qualitative agreement
with the experiments.
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